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Abstract
This paper is devoted to design and implement a non-holonomic wheeled mobile robot that
possesses dynamic object-tracking capability by using real-time image processing. Two motion
control laws are proposed using Lyapunov’s direct method and computed-torque method. Simulation
results illustrate the effectiveness of the developed schemes. The overall experimental setup of the
mobile robot developed in this paper is composed of a Windows based personal computer,
Programmable Interface Controllers, a mobile robot, and an omni-directional vision system. Finally,
the image-based real-time implementation experiments of the mobile robot demonstrate the feasibility
and effectiveness of the proposed schemes.
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1. Introduction
The problem addressed in the paper is the design
of feedback controllers for a wheeled robot with non-
holonomic constraints to track an object on the ground
using visual feedback. The non-holonomic constraints
restrict the admissible velocity space but not that of con-
figuration. Because of these constraints, control design
and analysis become substantially more involved. The
control of non-holonomic wheeled mobile robot has been
widely investigated in the literatures. Some researchers
[18] designed the control on the basis of a kinematic
state-space model derived from the constraints, but not
taking the internal dynamics of the system into account.
Models that include dynamic effects are required for
other purposes, for instance, using torques as control in-
puts and/or the inertia effect of the robot is not negligi-
ble. The approaches based on dynamic models of non-
holonomic systems include the works in the literatures
[916]. Campion et al. [9] and Bloch et al. [10] derived a
full dynamical description of non-holonomic mechani-
cal systems and showed a suitable change of coordinates
allows for analysing globally the controllability and the
state feedback stabilizability of the system. Sarkar et al.
[12] presented a dynamic path-following algorithm for
wheeled mobile robot by using a nonlinear feedback for
input-output linearization and decoupling. Su and Ste-
panenko [11] developed a reduced dynamic model for
simultaneous independent motion and force control of
non-holonomic systems. They proposed a robust control
law which is a smooth realization of sliding mode con-
trol. Shim et al. [13] proposed a variable structure con-
trol law, with which mobile robots converge to reference
trajectories with bounded errors of position and velocity.
Yang and Kim [15] developed a sliding mode control law
by means of the computed-torque method for solving tra-
jectory tracking problems of non-holonomic mobile ro-
bots. Lee [16] presented a switching control law, which,
by utilizing the passivity property and energetic structure
of the wheeled mobile robot, can ensure that the robot’s
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orientation converges to a target value, while driving the
robot’s (x, y)-trajectory to a desired position on the plane
within a user-specified error-bound.
Visual feedback is a mature and inexpensive tech-
nology for servo control of non-holonomic wheeled mo-
bile robots. There exist a lot of image-processing algo-
rithms extracting a map of the environment from the data
provided by a camera [1720]. But the implementation
of such sophisticated algorithms is quite complex. Ma et
al. [7] formulated the tracking problem as one of directly
controlling the shape of the curve in the image plane, in-
stead of separately considering the estimation from the
vision measurements and the design of control strate-
gies. The practical implementation is, however, rather
sophisticated, implying an extended Kalman filter to dy-
namically estimate the image parameters required for
feedback control. Coulaud et al. [8] proposed a simple
solution of the robot tracking problem, which avoids
sophisticated image processing and control algorithms.
Their practical implementation is straightforward, and
can easily be achieved online. While the above works are
mainly based on kinematic models of non-holonomic
systems.
In this paper, we propose a novel control scheme for
solving dynamic object-tracking problems of non-holo-
nomic mobile robots using visual feedback. Dynamic
models of mobile robots is used to describe their be-
haviors and, by means of a suitable change of coordi-
nates, dynamics of mobile robots is linearized and two
motion control laws based on Lyapunov’s direct method
and computed-torque method are applied for stabilizing
the robots to a desired position and orientation. Mobile
robots with the proposed control laws converge to a
given desired position and orientation with asymptotic
stability using real-time visual feedback and image pro-
cessing. While the approach for object-tracking of non-
holonomic systems via motion control was presented in
the literatures [12,15], our approach has two contribu-
tions: First, in our approach, three-dimensional state va-
riables of position and orientation are explicitly given as
control outputs in two control stages, and the control in-
puts are designed to be applied motor torque. Second,
experimental verification is shown. Few empirical stud-
ies on dynamic object-tracking of non-holonomic sys-
tems have been reported in the literatures, the proposed
control laws are implemented on controlling a real non-
holonomic wheeled mobile robot that has the dynamic
model considered in this paper. Practical issues of visual
servo control are addressed and results of the dynamic
object-tracking control in the real world are shown.
This paper is organized as the following sections. In
section 2, the dynamic equations of a two-wheeled au-
tonomous robot are derived and the change of coordi-
nates is applied to linearize the dynamics. The designs of
robot motion controller based on the Laypunov’s direct
method and the computed-torque method are presented
in section 3. In section 4, the proposed dynamic object-
tracking behaviour of the non-holonomic mobile robot is
described. In section 5, the experimental setup of mobile
robot is depicted. And section 6 is the experimental re-
sults and discussions. We conclude the paper with some
remarks in the last section.
2. Dynamics of a Wheeled Autonomous Robot
The dynamic equation of non-holonomic wheeled
robot system is derived in this section, and the torque is
selected as the control inputs which can be implemented
easily in motion control design. A coordinate frame xmym
is set on the chassis of the planar robot as shown in Fig-
ure 1. The robot has two driving wheels and one passive
wheel. The robot system is fully described by a set of
coordinates
(x y   1 2 3)
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Figure 1. Mobile robot system.
Where xy are the axes of the fixed coordinate system; 
is the rotational angle between the robot frame and
fixed coordinate; i are the rotational angles of three
robot wheels;  is the swinging angle of the passive
wheel. The motions of three robot wheels in the direc-
tion being perpendicular to the wheel axis are const-




where l is the length from the wheel to the centre of the
robot chassis; l3 is the length from the pivot of the pas-
sive wheel to the centre of the robot chassis. The mo-
tions of three robot wheels in lateral direction are con-




Since the passive wheel is unpowered, 3 in Equation
(1c) is free to rotate according to the robot motion.
Meanwhile, any lateral motion of the passive wheel in
Equation (2c) is balanced by the free rotational angle .
Therefore, Equations (1c) and (2c) do not constrain the
motion of the robot. Therefore, the constraint equations
(1a) and (1b) are the pure-rolling conditions of right




1 and L 

2. The non-slipping constraint
equations (2a) and (2b) are dependent and can be ex-
pressed as one single equation
(4)
According to the integrability requirements of perfect
differentials [21,22], Equation (4) is a non-holonomic
constraint.
The dynamic equation of the robot can be derived by
using the Lagrange formulation [21]:
(5)
where  is the vector of Lagrange multiplier; A(q) is
the vector of the generalized forces, which are applied
on the system in order to satisfy the kinematic const-
raints; B(q)u indicate the generalized forces, which are
constructed by external forces and torques applied on
the system by the actuators; L is the Lagrangian of the
system. For the robot in planar motion as shown in Fig-
ure 1, it has
Where M(q) is the matrix of mass and inertia.; M and I0
are the mass and inertia of the robot system about the
origin of robot coordinate, respectively. Substitute the
Lagrangian into Equation (5), and have
(6)
C q q( , ) in left-hand side of the equation contains the
nonlinear terms of the system and for planar robot is ex-
pressed as
For the planar robot, the external torque applied by the
right and left wheels is
DR and DL are the driving forces of the right and left
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wheels, respectively. The robot system equation (6) are
derived as
The Dynamic equation (6) and the kinematic constraint
equations (3) and (4) fully describe the robot system.
Unfortunately, the Lagrange multiplier  in Equation
(6) can not be measured and controlled by the control
system. The concept of null space is utilized to elimi-
nate the Lagrange multiplier in the equations. The null
space S(q) of A(q) are determined by solving the inner-
production equation
(7)
The null space of A(q) is determined as
Multiplying both sides of Equation (6) by S(q) to elimi-
nate the Lagrange multiplier,
(8)
The non-holonomic equation (4) and Equation (7) im-
ply that
(9)
Where  are the variables in the null space of A(q) and
chosen to be new state variables of the system. The new
state variables are calculated by using Equation (9),
Substituting Equation (9) and its first time-derivative
into Equation (8), it has
Where 	(q) = d(S(q)) / dt; Utilize the change of coordi-
nate by applying the method of state feedback linear-
ization [23], by defining the input as
By applying the concept of null space and the change of




where v is the new input vector. Equation (10) com-
pletely describes the dynamics of the robot system and
complies with the constraint equation.
In this research, the external torques is represented
by the driving torques of the motor. As shown in Figure




Where Iw is the inertia of the wheel system; R and L are
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Figure 2. The wheel system.
the applied torques of the right and left motors, respec-
tively; c is the coefficient of viscous friction; r is the ra-
dius of the wheel. From the pure-rolling conditions of
right and left wheels and Equation (9), it has
(12)
Substitute Equation (12) and its first time-derivative
into Equations (10) and (11), it can be obtained the new
state equation of the robot system
(13)
The block diagram of the system is depicted as Figure 3.
Note that, the input of the robot dynamic equation be-
comes the torque of the motor, which can be imple-
mented easily in robot control scheme. Campion et al.
[9] proved that with a smooth kinematic feedback con-
trol law:
The equilibrium point q = 0 of the closed loop system is
globally marginally stable. That is, the state q(t) is
bounded as follows for all t: q q( ) ( )t 
 0 , and the state
q(t) converges to the invariant set U = {qST(q)q = 0}.
By the definition of the null space S(q), it has
Therefore, the invariant set can be described as y =  =
0. Similarly, we can design a dynamic feedback control
law, which is described in next section, providing the
same globally marginal stability.
3. Design of Robot Motion Controllers
In this section, two robot motion control laws are de-
signed based on Lyapunov’s direct method and com-
puted-torque method. By appropriate choices of output
variables, the mobile robot with the designed control
laws converge to a given desired position and orientation
with asymptotic stability.
3.1 Design of Lyapunov Controller
The potential energy and kinetic energy of the robot
system is selected as the Lyapunov function candidate,
The proportional control gain matrix KP is symmetric
and positive definite. ~q q q d is defined as the posi-
tion error, and qd is the desired position. It has
M can be found by Equation (13), and  M = 0. There-
fore,
Similar to the kinematic feedback control law designed
by Campion et al. [9], the dynamic control law is de-
signed as
(14)
The derivative control gain matrix KD is symmetric and
positive definite. Therefore,
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Figure 3. Block diagram of two-wheeled robot system.
The block diagram of the motion controller based on
Lyapunov’s direct method is depicted as Figure 4. The
simulation result of step response for the Lyapunov
controller is shown in Figure 5. The figure depicts that
the dynamic control system is globally marginally sta-
ble and the state q(t) converges to the invariant set y = 
= 0, but x can only be stable in a range of the initial
value.
3.2 Design of Computed-Torque Controller
In order to control the robot to desired location [x y]T,
the concept of computed-torque method [24] is utilized
to design another motion controller. Choose the outputs
to be [ ]x y T , which point locates at the pivot of the third
wheel as shown in Figure 1,
Hence, the time derivative of the outputs will be
Written in matrix form
(14)
Design the control input of the controller by using the
computed-torque method
(15)
where KP and KD are the proportional and derivative
gain matrices, respectively. From Equation (15), it can
be seen that l3 can not be zero. Substituting Equation
(14) into Equation (15), it becomes
The control torque [R L]
T can be derived as
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Figure 4. Block diagram of the Lyapunov controller.
Figure 5. Step response of the Lyapunov controller.
(16)
Or in matrix form
Note that,
The block diagram of the computed-torque controller is
shown in Figure 6. The step response of the controller is
shown as Figure 7. Since the control outputs are chosen to
be the desired x and y locations, Figure 7 depicts that x and
y can be achieved to the desired position with asymptotic
stability. However,  is hard to reach the desired angle.
4. Design of Dynamic Object-Tracking
Behavior
The robot behaviour of dynamic object-tracking is
planned using the proposed motion controllers. Before
planning the object-tracking behaviour, we simulate the
motion control using the proposed Lyapunov controller
and computed-torque controller. As shown in Figures 8
and 9, the robot initially locates on eight different posi-
tions of a circle with radius of 10 m, and the desired out-
put position is [y x ]T = [0m 0m 0rad]T. The results of
motion control by the Lyapunov controller are shown in
Figure 8. The figure depicts that the motion control can
achieve the desired output in position y and orientation ,
while the desired position in x direction can not be stably
controlled. On the other hand, Figure 9 depicts the re-
sults of motion control from eight positions of a circle by
using the computed-torque controller. The results depict
that the motion control can achieve the desired output in
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Figure 6. Block diagram of the computed-torque controller.
Figure 7. Step response of computed-torque controller.
position x and y, but not in orientation .
We propose to plan the dynamic object-tracking be-
haviour of the robot by using the Lyapunov controller
and the computed-torque controller in two stages. As de-
picted in Figure 10, the tracking behaviour is composed
of two motion controllers in these two stages. In stage 1,
the robot moves from the initial position (x0, y0) to the
candidate point (x1, y1) by using the computed-torque
controller. In stage 2, the robot turns with an angle  to
reach the angle  by using the Lyapunov controller, and
then push the ball to the goal by using the computed-
torque controller again. If the orientation of the robot is
deviated from the desired direction by a preset threshold
value, the Lyapunov controller will be recalled to con-
vert the deviation.
5. Wheeled Mobile Robot System
In this section, we present the design and implement
of the non-holonomic wheeled robot. The experimental
setup of the wheeled robot system, as shown in Figure
11, is composed of a Windows based personal computer
(PC), Programmable Interface Controllers (PIC), a mo-
bile robot, and an omni-directional vision system. The
omni-directional vision is utilized to capture the image
surrounding the robot, as shown in Figure 12, for calcu-
lating the distance from an object to the robot [25]. The
architecture of the control system is shown in Figure 13.
All the parameter values of the robot system are experi-
mentally obtained and depicted [26]. A PC is in charge of
implementing the algorithms including feature recogni-
tion and tracking, Simultaneous Localization and Map-
ping (SLAM), and path planning and obstacle avoidance.
Motion and current control laws are implemented in PIC
microcontrollers for the driving motors. For example,
control of one-axis motor is depicted in Figure 14. In the
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Figure 8. Motion control by using the Lyapunov controller.
Figure 9. Motion control by using the computed-torque con-
troller.
Figure 10. Robot object-tracking behaviour.
dynamic control of the robot, motor driving torques are
chosen as the input commands which are implemented
by Pulse Width Modulation (PWM) signals and sent to
the motor drive circuits.
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Figure 11. Wheeled mobile robot. Figure 12. Omni-directional vision system.
Figure 13. Architecture of the robot system.
Figure 14. Block diagram of motion and current control for the robot system.
6. Experimental Results
The experimental setup of wheeled mobile robot is
tested on the ground to track a ball dynamically. Two dy-
namic motion controls are combined to form the robot ob-
ject-tracking behaviour. The results are shown in Figures
15 and 16. Figure 15 depicts the continuous tracking mo-
tions of the robot. Figure 16 depicts the trajectory of the
ball in polar coordinates. Initially, the ball located in the
direction of  = 122 and a distance of 85 image pixels.
The robot turns firstly, and then approaches to the ball. Fi-
nally, the ball is located between the robot and the goal.
7. Conclusion Remarks
In this paper, we plan a dynamic object-tracking be-
havior for a non-holonomic mobile robot using two de-
veloped motion control laws. The mobile robot with the
proposed control laws converge to a given reference tra-
jectory with asymptotic stability using real-time visual
feedback and image processing. Two major contribu-
tions by this research include: The state variables of po-
sition and orientation are explicitly given as control out-
puts in two control stages, and the control inputs are
planned by using motor driving torque which is easily
implemented in mechatronics system. Meanwhile, the
proposed control laws are implemented on controlling a
real non-holonomic wheeled mobile robot using a per-
sonal computer and PIC microcontrollers. The image-
based real-time implementation experiments of the mo-
bile robot demonstrate the feasibility and effectiveness
of the proposed schemes.
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Figure 15. Continuous tracking motions of the robot.
Figure 16. The trajectory of the ball in polar coordinates.
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